Abstract. By means of a Riccati transform and averaging technique some oscillation criteria are established for perturbed nonlinear differential equations of second order
Introduction
The purpose of this paper is to study oscillatory properties of solutions of nonlinear delay differential equations (P 1 )
p(t)x (t) + q(t)|x(φ(t))| α+1 sgn x(φ(t)) + g(t, x(t)) = 0, (P 2 ) p(t)x (t) + q(t)|x(φ(t))| α+1 sgn x(φ(t)) + g(t, x(t), x (t)) = 0, and a nonlinear differential equation (P 3 ) p(t)x (t) + q(t)|x(t)| α+1 sgn x(t) + g(t, x(t)) = 0,
where p, q ∈ C([a, ∞), (0, ∞)), t ≥ a > 0, α > 0. We assume that φ(t) is nondecreasing and
φ(t) ≤ t and φ(t) → ∞ as t → ∞.
In this paper we always define a function (t) as (t) = t a 1/p(u) du for a ≤ t,
and assume that (H) (t) → ∞ as t → ∞.
By a solution of differential equations we mean a continuously differentiable function x : [t 0 , ∞) → R, for some t 0 , such that x(t) satisfies the differential equation for all t ≥ t 0 . A solution x(t) is said to be oscillatory if it has unbounded zeros. Otherwise it is said to be nonoscillatory. An equation is said to be oscillatory if all solutions of the equation are oscillatory.
In the last two decades there has been an increasing interest in obtaining sufficient conditions for the oscillation and nonoscillation of solutions for different classes of nonlinear differential equations of second order. We refer to the recent papers [1, 2, 3, 5, 6, 7, 12, 13, 15, 16] 
is oscillatory. We note that the estimate (E 2 ) is valid if
where t > 0. Even if this equation contains a perturbed term −(1 + 2t sin t) oscillatory, it has a nonoscillatory solution x(t) = t + c. In this paper we seek the sufficient conditions for the equations (P i ), 1 ≤ i ≤ 3, to be oscillatory. To prove the oscillatory properties of differential equations we make use of H(t, s) as a weight function. While the function (t − s) n , n ≥ 1, of Kamenev type [9, 10, 11, 14] or more general classes of weight functions [15] are very popular in various applications. Let H(t, s) be defined on D = {(t, s) : t ≥ s ≥ a}. We shall assume that H(t, s) is sufficiently smooth in both variables t and s so that the following conditions are satisfied
Main results
In this paper we assume that 
Proof. By means of a Taylor polynomial with remainder there exists a constant θ, 0 < θ < 1, such that
2 ds is a function of t with degree 2 + γ. Choose an increasing sequence {t n } such that
where n is a positive integer. So our lemma follows because γ > 0 and coefficient
Theorem 3. Let the conditions (H), (A 1 ), and
is valid where
s) .
Then the equation (P 1 ) is oscillatory.
Proof. Assume that x(t) is a nonoscillatory solution of the equation (P 1 ) and that there exists
By mean value theorem it follows that
. It is clear from (3) and (A 1 ) that
.
Now we consider a Riccati transform
It is obvious that
By Lemma 1 with σ = α, X = q(t)
we can derive the inequality
from which q(t)
is bounded below by
where (10)
Integrating for s from T 2 ≥ a to t after multiplying (11) by H(t, s) we obtain (12)
In view of (H 1 ), (H 2 ) it follows that
Thus the below terms of the inequality (12) are transformed into (14)
Using (14) we obtain
where V (t, s) is given by (2) . From the latter inequality and (H 2 ) it follows that
Since this inequality is valid for all t ≥ T 2 , by (H 2 ) we have
On the other hand, since H(t, s) is nonincreasing for the second variable by (H 2 ), we get
Thus (15) is reduced to
which contradicts the equality (1). Thus (P 1 ) is oscillatory. In the case of x(t) < 0 for t ≥ T 0 , we put y(t) = −x(t) and take (A 2 ) into account. Then y(t) is a positive solution of p(t)y (t) +q(t) y(φ(t)) α+1 sgn y(φ(t))+f (t) sgn y(t) = 0. By means of the similar argument we reach the same conclusion. 
Corollary 4. Let the conditions in Theorem 3 be satisfied. Assume that there exists a positive function ρ(t)
∈ C 1 ([a, ∞)) such that (16) lim sup t→∞ 1 H(t, a) t a
H(t, s)ρ(s)q(s)
1
If we choose several appropriate functions H(t, s) and h(t, s) we can obtain the various results from Theorem 3. Consider, for example, H(t, s) = (t − s) n , n ≥ 2, (t, s) ∈ D. Then h(t, s) = n(t−s) (n−2)/2 and H(t, s) = (t−s)
n/2 .
Corollary 5. Under the conditions in Theorem 3, if there exists a positive function ρ(t)
is valid where C α is a constant given by (10) and
Observe that φ(t) = t − 1 and that p(t) = 1 satisfies (H). If we take ρ(t) = t 2 and H(t − s)
α+1 is valid. Thus the integrand of (1) for the equation (18) is not less than
where K = (4π 2 −1) α/(α+1) λC α , C α is the constant given by (10) . Therefore by means of Lemma 2 and Theorem 3 the differential equation (18) is oscillatory. We note that x(t) = sin 2πt is an oscillatory solution. 
Theorem 6. Let the conditions (H), (A 1 ), and
Then the equation (P 1 ) is oscillatory.
Proof. We consider a Riccati transform (7). Then
is valid. The rest part of proof is same as that of Theorem 3.
Example 2. Consider a delay differential equation
where t ≥ 2π. We observe that
By means of Theorem 6 we have
where λ ∈ (0, 1) and
. Modifying the minor part of the proof of Lemma 2 we can easily show that the differential equation (20) is oscillatory. We note that x(t) = sin 2t is an oscillatory solution.
The following theorem is obvious from the proof of Theorem 6. 
Theorem 7. Let the conditions (H), (A 1 ), and
Then the equation (P 2 ) is oscillatory.
Proof. We consider a Riccati transform (7) . Then for some λ ∈ (0, 1)
Example 3. Consider a delay differential equation (22) x + 1 + 2 sin 2 πt
2 the integrand of (21) is not less than
where
, C α is the constant given by (10) . By Lemma 2 and Theorem 3 the differential equation (22) is oscillatory. We note that x(t) = sin πt is an oscillatory solution.
Put φ(t) = t. The differential equation (P 1 ) is then reduced to (P 3 ). By means of Theorem 3 we obtain the following: 
is valid where V (t, s) and C α is given by (2) and (10) 
Assume that there exists a positive function ρ(t) ∈ C 1 ([a, ∞)) such that (1) and (2) (1) and (2) it follows.
Remark. In Theorem 10 let the conditions (A 1 ), (A 3 ), and (H) be satisfied. we reach then the same conclusion provided f (t), F (t) are replaced with f (t, u), F (t, u), respectively, such that F (t, u) = F 1 (t)F 2 (u), F 1 (t) ≥ 0, F 2 (u) ≥ L for some L > 0 and f (t, u) ≤ F (t, u) for all t and u. 
